INTRODUCTION
The following example provided the motivation for this paper. Let F be 8 the field with 8 elements, and let F U be its group of units which acts on F this internal duality holds for each of the terms of the minimal Hilbert Ž . syzygy resolution of this ring see Section 7 .
In this paper, we exhibit an infinite family of rings of invariants whose minimal resolutions exhibit internal duality. Specifically, fix a positive integer n, let N s 1 q n q n 2 , and let k be a field containing a primitive Nth root of unity, . Let G be the cyclic group generated by Ž n n 2 . Ž . diag , , g SL k , the special linear group of 3 = 3 matrices over 3 w x G k, and let B s k x , x , x be the associated ring of invariants. Ä < 4 the ideal generated by y y i / j , and I is the ideal generated by i j 2 Ä < 4 y y i k j y 1, j, j q 1 mod s . These resolutions are of independent interi j est. For example, there are many other rings of invariants whose resolutions can be determined from our resolution of B s .
2
The organization of the paper follows. In Section 1, we recall the definitions and general properties of Hilbert syzygy resolutions and define internal duality. In Section 2, we discuss resolutions for rings of invariants and give a couple of examples. In Sections 3 and 4, we construct minimal resolutions for B s and B s . At the ends of these sections, our resolutions 1 2
Žw x are compared to the resolutions constructed by Eagon and Northcott EN w x. w x or ERS and Behnke B . In Section 5, we show how to construct the minimal resolution of B from the resolution of B 3 nq6 , and we prove that n 2 B 's resolution exhibits internal duality. The proof of Proposition 5.4 is n delayed until Section 6. Finally, in Section 7 we investigate the motivating U Ž U . example H F i F ; F in detail. The computer programs Macaulay, Maple, and Mathematica were used for various computations during this work; however, none of our proof relies on these calculations. Ž . diagram commute:
In particular, the minimum number of generators of M and the degrees of i these generators are uniquely determined in a minimal free resolution. EXAMPLE 2.3. Let k be a field containing a primitive 90th root of unity Ž . Ž 9 36 45 10 80 . , let G : SL k be the group generated by diag , , , , , 5 w x G and let B s k x , x , x , x , x . Then B is minimally generated by 10 1 2 3 4 5 elements having degrees 2, 2, 3, 4, 5, 6, 7, 9, 9, 10 and the minimal resolution w x of B as a module over A s k y , . . . , y has length 5, Betti numbers 1 1 0 1, 10, 25, 25, 10, 1, and the following set of internal Betti numbers. Continuing in this way, we can determine the complete resolution. 
and with maps c a , . . . , a , . . . , a Ž .
where the a means omit a . One way to show it is exact is to construct vector space homomorphisms t : N ª N with c t q t c s 1. Such a map t# is called a contract- 
here to ensure that the signs in the differentials alternate as we move . along the entries. Since these Koszul complexes are exact, the complex
ŽŽ .. let f : K ª K be given by f a s y . If we let f be the restriction
1 of e to K , then it is easy to check that
map, and let d : M ª M be induced by e . Let M s A and let d : 
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Also assume that L#, e# and K#, f# are free resolutions with L#, e# satisfying Criterion
. . , y , and let I be the ideal generated by y y i k j y 1 s 2 i j 4 1, j, j q 1 mod s . In this section, we determine the minimal resolution of B s s ArI . The construction will be similar to the quotient construction 2 2 given in Section 3. For the remainder of this section, we fix s G 4 and write B s B s . We will say the indices i and j are adjacent if i is congruent 2 Ž . to either j y 1 or j q 1 modulo s. We take A and B graded via deg y s 1. This direct description becomes quite complicated as we try to construct the N for i ) 2. For this reason, we use the quotient construction below. i Ž Essentially, the idea is to allow more basis elements than we need the . Ž . J 's , and then quotient out the extra ones the K 's . The construction will i i imply the following.
EXAMPLE 4.1. The minimal resolution of B has the form 
We first define the modules J . Most of the basis elements of J are of Ž . To be more explicit, the basis elements of J other than X have one of i the following forms:
In each of these, 0 F j F i and there are j q 1 barred adjacent indices. In Ž . Ž . ii , 0 F m F i y j, n ) 1 and n q j -s; and in iv , 1 F n F j. Ž . Given a basis element a , . . . , a with bars on a set of adjacent Ž .
The verification that t# is a contracting homotopy is tedious, but Ž . straightforward and left to the masochistic reader.
We remark that a minimal resolution for B s can also be determined as w x by Behnke B . In our application to rings of invariants in the next section, we assign certain internal degrees to the variables y , . . . , y . It will be 1 s Ž . evident that the regular sequence a, b is not homogeneous in this internal degree. Since our main result concerns the internal Betti numbers, our resolution of B s is more useful than Behnke's. 
THE MINIMAL RESOLUTION OF B n
In this section we describe the minimal resolutions for a particular family of rings of invariants and show that each of these resolutions exhibits internal duality. Fix an integer n G 1, let N s 1 q n q n 2 , and let Ž . k be a field containing a primitive Nth root of unity . Let G : SL k be 3 Ž n n 2 . the cyclic group generated by the matrix diag , , . Let B s B n w x G denote the ring of invariants k x , x , x . This section is organized as follows. First we construct a minimal set of homogeneous algebra generators and a minimal set of homogeneous Ž . algebra relations for B. Then we quotient out a homogeneous regular element and show that the resulting ring B X is of the form w x X X k y , . . . , y rJ where J is minimally generated by polynomials whose 1 3 nq6 Ä < 4 leading terms are y y i k j y 1, j j q 1 mod 3n q 6 . We then show that a i j minimal resolution of B X has the same structure as the minimal resolution of B 3 nq6 constructed in Section 4. Finally, we prove the main theorem 2 Ž . 5.5 using this explicit resolution. w x Since G acts diagonally on k x , x , x , the ring of invariants is spanned 1 2 3
by monomials. The invariant monomials are
Ž . To such a monomial, we associate the exponent sequence ⑀ , ⑀ , ⑀ , and 1 2 3 Ž 2 . we call the integer ⑀ q n⑀ q n ⑀ rN its multiplicity. Note that the . nk, n q 1 y k, 0 for some k s 0, . . . , n q 1; we call the corresponding Ž . Ž generators . The cycled sequences n q 1 y k, 0, 1 q nk and 0, 1 q k . nk, n q 1 y k correspond to generators which we call and , respeck k Ž .Ž . tively. Note that the degree of , , and is 3 q n y 1 k q 1 . Proof. From their construction it is clear that none of these elements divide each other. So, if they generate, then they are minimal. We must show that every invariant is a product of them.
mial, x E . If all of its entries are non-zero, then it is divisible by ␣ and we are done. If at least one of its entries is zero, then it can be cycled until the Ž . third entry is zero. So assume ⑀ , ⑀ , 0 is an invariant. If it has multiplicity 1 2 1 then it is one of the , so assume it has multiplicity greater than 1. Ž . E ⑀ , so , which corresponds to 0, N, 0 , divides x .
Ž .
E
follows that , which corresponds to 1, n q 1, 0 , divides
Note that the degrees of the generators are all less than or equal to N, the order of G.
We now determine a minimal set of relations for B. Let A s w x k a, u ,¨, w be the graded polynomial ring on indeterminants a, u ,¨,
and w , for k s 0, . . . , n q 1, where a has degree 3, and u ,¨, and w k k k k Ž .Ž . have degree 3 q n y 1 k q 1 . Let e : A ª B be the map sending a to 0 ␣ , u to ,¨to , and w to . Then B s ArJ for an appropriate
We describe a minimal generating set for J.
Given a sequence E s ⑀ , . . . , ⑀ of nonnegative integers, let m for 1 F i F n q 1;
u w y aw , for 1 F i F n;
Ž Each of these elements can be cycled a ¬ a, u ¬¨,¨¬ w , and
. w ¬ u twice to give two more elements in J of the same form. The total k k Ž . Ž . Ž . number of elements including cycles is 3n q 6 3n q 3 r2. We say that a monomial is A-admissible if it occurs as a leading term in the above list Ž . cycles included . 
E F the polynomial p y lrm m y m , with m y m in the above list, is in J y K, has smaller leading term than p, and therefore contradicts the choice of p. Ž It follows that the leading term l of p must be one of or a cycle of one We should remark that the above basis for J is a Grobner basis; that is, the A-admissible monomials minimally generate the ideal of leading terms of J.
where J X is minimally generated by the above list of generators for J with all of the a's replaced by zero. The following well known lemma implies that the minimal resolution of B as an A-module has the same structure as the minimal resolution of B X as an A X -module. 
Let us say that a monomial is A X -admissible if it appears as a leading term in the above generating set for J X . Let I X be the ideal generated by the A X -admissible monomials and let B Y s A X rI X . If we rename the variables u , u , . . . , u ,¨, . . . ,¨, w , . . . , w
by y , . . . , y , then it is easy to see that the product y y is A X -admissi- . is pure each differential has a homogeneous polynomial degree , so can be lifted to a minimal resolution of B X . Y Ž To end this section, we show that the resolution of B hence the . resolution for B exhibits internal duality. Recall that this means that for each free module M in the minimal resolution, there exists an h such
. exhibits internal duality with h s 0; h s i q 1 n q 2 n q 3 , for 1 F i F 0 i Ž . Ž 2 . 3n q 3; and h s 3n q 6 n q 2 n q 3 .
Proof. The result clearly holds for M s A X . For 1 F i F 3n q 3, the 0 Ž . basis elements for M are quotients of elements of the form a , . . . , a , . Ž .Ž 2 . y a s i q 1 n q 2 n q 3 , these M exhibit internal duality. The basis
Remark 5.6. The example which motivated this work corresponds to Ž . the n s 2 case of the above theorem see Section 7 . the same structure as B s for some s. Only three families of these seem to 2 exhibit internal duality: the ring in Example 2.2, the family of Theorem 5.5, and the following family. For n G 1, let k be a field containing a primitive Ž . Ž . 4 n th root of unity , and let G : SL k be the cyclic group generated
, . Then, for each n, B s k x , x , x has 9 gener- 
. ␣ ␣ . The largest monomial of a given polynomial will be called the 2 3 Ä 4 leading term. Let J be an ideal minimally generated by z , . . . , z , and 01 0 ␤ 1 let I be the ideal generated by the leading terms y of the z . We 0, j 0, j Ä 4 assume that the set z is a Grobner basis for J which means that thë 0 j ideal I is minimally generated by the y and contains the leading terms of 0 j all the elements of J. Our goal is to give conditions under which the minimal resolutions of ArJ and ArI have the same structure.
Ä < 4 Let M be a free A-module with basis x j s 1, . . . , ␤ . We call the 
Ä 4
Proof. Since the image of e and z is a Grobner basis, the image of 
